bodies. Usually the presence of a like charge results in a repulsion, and would always do so were no redistribution of charge possible; we have, however, already suggested that this usual repulsion may be replaced under certain circumstances by an attraction, due to a reversal of sign of the charge on the surface of the particle (4) . Secondly, the surface charge may affect the ingestion of the particle once contact has occurred, for then the ingestion is determined by the ratio ($1 -$12)/S~, where $1, $1~, and S~ are interfacial tensions which will be modified by surface charges if such exist. In a sense, although they both depend fundamentally on the same conditions, these two effects of surface charge are distinct; the first effect manifests itself when the cell and particle are a small but appreciable distance apart, but the second can obviously refer only to a condition in which the interfacial tension $1~ exists, i.e., where cell and particle are in contact.
In what follows we propose to ignore altogether the possible effect of surface charge on the approach of cell and particle and to consider its effect on ingestion alone, just as in a previous paper we considered the effect on approach alone without taking into account the influence which the charge might have after contact between cell and particle had been established. We also make the assumption that redistribution of charge does not occur, whereas we previously assumed, in dealing with the other aspect of the problem, that it does.* This piecemeal treatment is necessary in view of the complexity of the problem, and must be clearly recognized to be limited by the incompleteness of the initial assumptions.
Consider a system of N large spheres (cells) or radius R, and of n little spheres (particles) of radius r. Let the tension and charge at the interfaces between the large spheres and the suspending fluid be ~0 and ~. Suppose that n, the number of little spheres, can be * In dealing with this other aspect of the problem, we have treated the charges upon cell and particle as electrostatic charges, although it is the case that no single suspended cell or particle has a free charge. The justification for this procedure is that the repulsive effects manifested between similarly charged particles or between cells and particles must be associated with open tubes of force. During the time when these repulsions occur, the charges may probably be treated as free without the introduction of much error. We admit, however, that this is a controversial point. divided up into nl, the number ingested by or contained within the large spheres, and n2, the number left uningested. At the surfaces of the group nl let there be tension ~ and charge ka ~0, and at the surfaces of the group n2 let there be tension a2 and charge k, ~. Let d denote the thickness of the double layer at every interface. The problem is to find the value of ~ which will prevent the ingestion of the little spheres by the large ones, given initially that r is small compared to R.
To do this, let us consider the conditions which will put the energy of the whole system at a minimum. The assumptions upon which we shall proceed are those made by Gyemandt in dealing with the simple case of agglutination of two similar particles; Gyemandt has discussed the validity of these assumptions in full, and we refer the reader to his monograph (5) .
If r is small compared with R, we may neglect the increase in the radius of the large spheres when the little ones are ingested. The total energy of the whole system is given by the expression
where X --2 ,~/e l, e being the dielectric constant. Vary R1 ~ol nl and o~2. Since -8n~ = ~n2, the total energy of the whole system is at a minimum when Further, the volume of the system must remain constant, and so
N R '
Thus we have We now substitute the values of At, A~, BI, B,, CI, and, C2 and, after a very long process of simplification, obtain Ne, ,, (~, k, + ~, kD}
as the critical value of o~ which, if exceeded, will prevent ingestion of the little spheres occurring. This expression verifies for Gyemandts' case of two similar particles. Put Then, approximately,
0 cancels out; the critical charge is therefore independent of N, ~t, and n~, as it ought to he. If we now neglect r as compared with R, we get
as the critical charge. For o~ to be real, ~ must be positive, and the numerator must have the same sign as the denominator. This occurs only under certain conditions, and, as there are so many factors which may determine the sign of numerator and denominator, these conditions are exceedingly complex. Three, however, are sufficiently important to set down.
(a) If ~1 (the tension at the cell-particle interface) is greater than ~2 (the tension at the fluid-particle interface) the numerator must always be negative. A real value of o~ will result only if the denominator is negative also, i.e., if k2 is sufficiently greater than kl. Thus only a large surface charge at the fluid-particle interface can influence the ingestion.
(b) If ~ is greater than ¢1 the numerator may be positive or negative according to the value of a0. If c0 is small and if kl is sufficiently greater than k2, ingestion will be prevented, for ¢o will be real; a large surface charge at the cell-particle interface may thus influence the ingestion process. If, however, co is large, the numerator will be negative, and ingestion will be prevented only if k2 is sufficiently greater than kl. A special case of this is the case considered by Gyemandt, where c~ = kl --0, and where there is a real value of ~.
(c) The critical charge ~ is a function of both R and r, or rather of the ratio R/r. The way in which the critical charge varies with the size of cell and particle respectively is, however, a very complex matter, for it depends on the values of ~0, ,i, and ,~, as well as on the values of kl and k2. If, for instance, we fix R and vary r, in some cases we find the critical charge increasing as r increases, and in other cases we find it diminishing as r increases. This makes it possible, so far as this treatment is concerned, for a large particle to be more readily ingested than a small one, or vice versa, depending on the conditions in the system. In the case which corresponds to that dealt with by Gyemandt, however, the same result as he records is obtained, for an increase in the value of r gives a decrease in the critical charge.
[: In concluding this part of the investigation, it must be admitted t h a t the results are very unsatisfactory. Although the approximate effect of surface charge and surface tension on ingestion is defined, the definition is of little use for practical purposes, for it contains too many undeterminable constants.
Cytoplasmic Viscosity.
The study of the effect of cytoplasmic viscosity on ingestion of a particle is much more interesting than is the study of the effect of surface charge, not because the results are any more useful, but because they are rather surprising.
Let us first consider the entry of a rigid spherical particle into a spherical cell of viscosity n. The velocity of movement of the particle into the cytoplasm will depend on (1) the magnitude of the forces pulling it in, and (2) the magnitude of the resistance which it encounters to its motion. In order to define these factors further, let us restrict ourselves to the consideration of a case in which equilibrium is reached at complete ingestion only (cos e > + 1). Call the radius of the cell R, and the radius of the particle r; further, let R be great as compared with r. Suppose the particle moves into the cell along an axis x in the direction of x-negative, and that equilibrium takes place when the centre of the particle reaches the point x = 0; then when the particle is at the cell surface x = 2r, when it is half inside x = r, and when ingestion is complete x = 0.
(a) If we can find E, the energy of the whole system in excess of a value E = 0 when x = 0, and can find it as a function of x, the force pulling the particle inwards will be d E / d x , for the direction of motion is along the x-coordinate only. Unfortunately, however, it is impossible to find E as a function of x by geometrical procedures, and so it is necessary for us to find a graphical relation for different arbitrary values of R and r. Such a relation has been worked out by Fenn, and is figured in one of his papers (6); this relation between E and x, expressed in arbitrary units, supplies us with all we require. The curve is well expressed by E = k x ~ (k in this case is 2.77), and the extent to which this empirical formula fits can be judged by an inspection of Fig. 1 . The fit is remarkably satisfactory.
The force pulling the particle in is also, however, a function of r, the radius of the particle, and becomes greater as the particle becomes greater. This fact must be introduced into the empirical formula given above, for the curve shown in Fig. 1 is constructed for a special case where R = 4r. Since the dimensions of E are those of r 2, while the dimensions of x are those of r, we may write the force pulling the particle in as as a first, but quite good, approximation.
(b) The resistance which the entering particle experiences to its motion constitutes a more difficult problem. If we can neglect the portion of the particle which is in contact with the fluid as experiencing very little resistance and consider only the part inside the cell as being subject to appreciable retarding forces, the particle may be regarded as a spherical segment of varying height moving through the fluid cytoplasm with its base in a plane at right angles to the direction of motion x. Provided that we consider only the movement of the particle between the limits x = 2r and x = r, so that we restrict ourselves to the first half of the ingestion process, we can arrive at an approximation to the resistance offered by the method of dimensions.
Let the force F2 opposing the motion of the particle between the mitsx = 2 r a n d x --r b e F~ = k~.p~.#.nv. V* where p is the radius of the base 'of the spherical segment referred to, n the viscosity of the cytoplasm of the ingesting cell, d its density, V the velocity of motion of the particle, and ks a dimensionless constant.
For equal dimensions in M,
For equal dimensions in L and T,
From these equations,
If V is small, as it will be in this case, zlis generally unity, and so we have the result that F2 --k2 ~a V
just as in the case of the motion of a sphere, except that k is not equal to &r and that p is a function of x instead of a constant. The resistance to the motion of the particle will thus increase as the particle moves along the axis of x from x = 2r to x = r, for p equals ~v/r ~ -(x -r) =, or ~v/2rx -x 2, and increases from 0 to r between these. limits. Now if the viscosity of the cell is so great that the motion of the particle is slow, the particle may be considered as taking up a series of "terminal velocities" given by
From (8) and (9), this is equal to
provided that the value of the integral is not taken outside the limits x --2r and x = r. Remembering that the movement of x is measured in the direction of x-negative, and that when I = O, x = 2r, we obtain~ from this the expression
The rate of ingestion is thus first rapid and then slower, and the time taken for half ingestion varies directly with the cytoplasmic viscosity and inversely as the radius of the particle.
It is interesting at this point to stop to enquire what effect cytoplasmic viscosity would have on ingestion if the cell and particle were at rest in a stationary fluid. Any particle which came into accidental contact with the cell would then be ingested (surface tension conditions, etc., being supposed to be favourable) and the rate of ingestion would depend on the viscosity of the cytoplasm. Even if the cytoplasmic viscosity were very great, ingestion would ultimately occur, although with exceeding slowness, for there would be no forces which would tend to remove the particle from the surface of the cell or which would oppose the forces drawing the particle inwards.
If, however, the cell is moving through a viscous fluid such as a suspension medium, or if, what amounts to the same thing, a viscous fluid is moving steadily over the cell, forces arise which tend to remove the particle from the cell surface and which thus tend to
prevent its ultimate ingestion. The magnitude of these forces has now to be considered. In Fig. 2 the cell of radius R is moving in a viscous fluid with a velocity U along an axis of X in the direction X-positive. Suppose that a small particle is situated at the cell surface in a position p, O, with respect to the centre of the cell as origin of the polar coordinates.
In the absence of the particle, the velocity-potential at p, 0, would be
~--~.
and this we shall take as the approximate value of the velocitypotential at p, 0, even if the particle is situated at that point. The component velocities along and at right angles to the radius vector are In interpreting these component velocities attention must be paid to the sign of cos 0 and to the sign of the component velocity X or/z. To facilitate this, Fig. 2 has been divided up into quadrants symmetrically placed about the axis of X. In quadrant I, cos 0 varies from 1 to 0, and X is negative near the cell surface; in quadrant II cos 0 varies from 0 to -1 , and ~ is positive instead of negative. These component velocities will, of course, give rise to forces which will not be without their effect on the particle situated at the surface of the cell. The component ),, acting along the radius vector, along which, it will be remembered, the forces F1 and F2 also act, will tend to aid the passage of the particle into the cell or to prevent its passage according to the sign which the component possesses, or, to put it another way, the force dependent on X will either increase or diminish the magnitude of F1. The component velocity/z will always give rise to forces which act at right angles to the radius vector, and witl therefore be without effect on the forces F1 and F2; the forces which result from this component will have the effect of producing a rotation of the cell plus particle or of moving the particle through an angle to a new part of the cell surface, and therefore we can ignore their effect in the meantime.
The consideration of the velocity component X on the motion of the particle provides quite enough difficulty. Because of its presence, a force F× will be generated, and the particle will thus be acted upon by two forces, F1 and Fx, which may either act in the same direction o r oppose one another according to the sign of the latter. If F× is negative, as in quadrant I, they will act together in the same direction; if F× is positive, as in quadrant II, they will act against each other. The total force acting along the radius vector and tending to move the particle along the axis of x will thus be F1 -Fx. If Fx is negative or is positive and less than Ft, the particle must move in the direction x-negative, i.e., into the cell; if, on the other hand, F× is positive and greater than F~, the particle will be moved in the direction x-positive, and will tend to be withdrawn.
We have now to define the force Fx in terms of the proper variables. The force generated by a moving stream of a certain velocity is proportional to the velocity and to the projected surface area of the body upon which the force acts, and so we can take Fx to be when the movement is in the direction x-positive, the expressions being taken, as before, as applying to the motion between x = 2r and x = r only. Both expressions are, of course, very approximate only, for they assume that the presence of the particle does not materially alter the form of the stream-lines at the cell surface. The approximations are, however, sufficiently good to lead us to the general conclusion.
The difficulty now arises that Fx is a function of R and p instead of a function of x and r, and so it is necessary to transform it. To do so, we take t h e p a r t of the expressions which contain R and p, and, putting R = 1, plot the value of
for different values of p from p = 1.0 to p = 1.3. This takes us sufficiently far from the cell surface for the result to cover all cases in which R is great compared to r. The result is rather surprising, for it appears that ¢ is very nearly a linear function of p. This is shown in the following From these figures it appears that we may use as a very fair approximation indeed the relation
in place of the part of the expression which gives Fx in terms of R and p. This simplifies matters considerably, as will be seen below. The simplification arises from the fact that p is expressible in terms 
= U'c°sO'{ 2"22(x-r)nr 1}
where R = n r . Once more it is necessary to note the limits within which this expression is applicable as an approximation, for when x = r, X = -U -c o s 0. Taking now the case in which the particle is moving in the direction x-negative, we have, in place of (14),
and the velocity of motion
The integration necessary for the finding of the value of t is a very tedious one. The differential equation takes the form
where A, E, and c are complex constants. As the integration is carried out, three terms appear; two of these are large compared with the third term, which is the most complex of all and sufficiently small to be neglected. Much of the complexity arises from the fact that when t --0, x = 2r, the direction of motion being in the direction of x-negative. It is not necessary to give more than the final solution, which is Thus l is great when n is great and small when U is great; further, if U = 0 or if cos 0 = 0, the whole expression reduces to expression (10), as it should do. Now suppose that the particle is moving in the direction x-positive, which it will do if F× is positive and greater than F1. In place of expression (14) we now have expression (15), and in place of expression (18) we have
The differential equation corresponding to (19) accordingly is
This differential equation reduces to the form which, so far as we can see, is non-integral. A graphical solution between limits would be possible, but is scarcely worth while in view of the complexity of the constants.
We are now in a position to apply this information to the problem of the ingestion of a particle by a cell which is moving through a fluid with a velocity U along a fixed axis X in the direction X-positive. Two cases arise.
(a) If F× is smaller than F1, the particle must be drawn into the cell irrespective of the point upon the cell surface at which contact occurs. The time which it will take to pass to a position of half ingestion will be given by expression (20), and will be great if the viscosity of the cell is great. Its magnitude will depend on the excess of F1 over Fx in the quadrants where Fx is positive, and on the sum of the two forces in the quadrants where Fx is negative. The essential point is that upon whatever part of the surface the contact between cell and particle takes place the ultimate fate of the particle will be complete ingestion.
(b) If, at points on the surface, Fx is greater than FI, ingestion will occur in quadrant I and the quadrant symmetrical with it, at all points in quadrant II and the quadrant symmetrical with it at which F1 exceeds Fx, but not at any point in these latter quadrants at which F× exceeds F1. Fx cannot, of course, be greater than F1 at all points in quadrant II, for when cos O --0, Fx --0. Suppose, however, that over a portion s of the entire surface S the excess of Fx over F~ exists; the effective surface of the cell for ingestion of a particle will then be reduced from S to (S -s), and the number of particles ingested under ideal circumstances by such a cell as compared with the number ingested by a cell at rest in a fluid will be (S -s)/S. This fraction must always be greater than 0.5.
The case of a cell moving steadily along a fixed axis without rotation is scarcely one which could occur in practice, firstly because it is impossible in experiment to prevent irregular motion in the fluid and secondly because the velocity component/~ always tends to set up a rotation of the cell. The case to be considered is therefore that of a system of rotating cells in a fluid, and under these circumstances the conditions for the ingestion of a particle are a little more complex. Statistically speaking, the effect of rotation can be considered as the effect of the uniform rotation of a single cell which is at the same time moving through the fluid with velocity U.
The problem is best approached by considering what will happen to a particle which makes contact with the cell at the point where 0 --90 ° between quadrant I and quadrant II, the rotation of the cell being imagined to be. clockwise. At the moment of contact, the position of the particle will be such that x = 2r, and the force pulling it into the cell will be FI only. It will accordingly begin to pass into the cytoplasm according to expression (10), but during its passage the cell will rotate so that the particle will come to lie at successive points on thesurface where there is a negative value of cos 0. The force F1 will thus be augmented by the force Fx, and the passage of the particle into the cell will be accelerated according to expression (20), ,the velocity being at a maximum when the value of cos 8 is -1, or when rotation has occurred through 90 ° . As the rotation continues and the particle passes into quadrant IV, the passage into the cell continues according to expression (20) but at a steadily decreasing rate; finally, when rotation through 180 ° has occurred, the particle lies at the point of junction between quadrants III and IV, and the force acting upon it is again FI.
Suppose that the rotation through 180 ° takes place in time t. During this time the particle will have passed into the cytoplasm of the cell for a distance x, dependent on the value of F~ and on the mean value of Fx as well as on the viscosity of the cell; the less the viscosity, the greater will be this distance. Two cases now arise. At the end of time t the particle may have passed to the position x --r, in which caseit cannot be withdrawn, orit may have passed to aposition between x = r and x = 2r, in which case we have to consider the effect of further rotation. The cell now rotates so that the particle passes into quadrant III. At the moment of entering this quadrant it is acted upon by the force F1, but as rotation proceeds it is acted upon in the opposite direction by the force Fx, which is now positive; if a point is reached where Fx exceeds F1, the motion of the particle becomes reversed so t h a t it is withdrawn from the cell, and the velocity of motion will be described by expression (24). Suppose t h a t this withdrawal begins at a point ~1 and continues, through a maximum velocity at the junction of quadrants I I I and II, until a point ~ is reached; during this period of withdrawal the particle may either be withdrawn to the point x = 2r, in which case it will leave the cell altogether, or it will be withdrawn to a point lying between x = r and x --2r, in which case we have to consider the remainder of the cycle of rotation and the cycle of rotation which follows. For the remainder of the rotation the particle will be drawn inwards because , -360 °. In curve I the particle passes to the position x = r in the first two quadrants. In curve II it leaves the cell surface between ,~1 and ,03, and in curve III it passes into the cell for the small distance d in the complete cycle. the force F1 exceeds the force Fx, and at the end of the cycle the particle will find itself at the junction of quadrants I I and I, where it is acted upon by the force F1 only, as at the beginning. The whole cycle m a y now occur over again.
The problem will become more clear if the events during the cycle are represented graphically, as in Fig. 3 . The ordinates represent values of x, two in particular being indicated, x = r, and x -2r. The four phases of the cycle are shown by vertical lines corresponding to angles of rotation ~, the rotation being estimated from ~ -0 ° at the junction of quadrants II and I. The two critical values ~1 and o:, are also indicated in quadrants I I I and I I respectively, and values of t are inserted to show the time relation of the rotation, it being assumed for convenience that a complete rotation occurs in time 2t. Curves indicate three essential types of happening, dependent on the value of the constants involved in the process.
Curve/.--Here the particle starts at x = 2r at t = 0 and o: = 0 °, and is drawn inwards according to expression (20). The maximum velocity is reached at ~ = 0.5 or ~ --90 °. Before the point ~ = 180 ° the particle reaches the position x --r, and therefore must be completely ingested in the course of time irrespective of the rotation of the cell, for there are no forces to pull it out.
C u r v e / / . --T h e particle starts at oJ --0 ° at x = 2r and is drawn into the cell until o: = 180 °. For the short period between o: = 180 ° and o: = o:~ it is still drawn in, but with a decreasing velocity since the force is decreasing, and at the point o: = o:1 it begins to be withdrawn. It is withdraw.n more rapidly than it passes in, and before the point ~ = o:~ it reaches the position x =2r and leaves the cell surface altogether.
Curve III.--Again the particle starts at o: = 0 ° at x --2r, and passes into the cell until o: = o:x. Between the points oa, ~ it is withdrawn, but does not reach the position x = 2r by the time the rotation has proceeded to ~ = o:2. Under these circumstances it finishes the cycle a little further into the cell than it was at the commencement of the cycle, and on the cycle being repeated sufficiently often it will ultimately be completely ingested.
To put the matter in as simple a form as possible, the ultimate fate of the particle is very largely dependent on whether or not it reaches the point x = r before the half rotation is completed in time t. If it does, it will be permanently ingested; if it does not, it m a y not be ingested at all. Now, if the velocity of motion of the cell, the surface tension conditions, and other subsidiary factors which enter into the equations of motion are fixed, whether this passage takes place in time t will depend on the cytoplasmic viscosity, the lower this is the greater the chance that the conditions for ultimate ingestion will be established. If, on the other hand, the cytoplasmic viscosity is exceedingly high, the particle will find itself very nearly at x = 2r P H A G O C~f T O S I S 01 ~ A P A R T I C L E when w --wl; during the period from w = wl to w = w2 it will be exposed to the forces which withdraw it, and will amost certainly pass away from the cell surface altogether. Against this may be objected that the resistance to outward motion depends on the vicosity of the cytoplasm also, but it is to be remembered that k4 is certainly greater than ks.
To put the different types of result illustrated by these three curves into a general form which will tell us what will happen to a particle under any circumstances is almost impossible, especially when it is remembered that the particle may make contact with the cell surface at any point, and only very improbably at the point ~ = 0% The general conclusions are, however, perfectly clear, and may be set down.
(a) The greater the cytoplasmic viscosity, the less likely is it that particles will be ultimately ingested. This is, of course, a well recognised fact, but the reasons for it are much more complex than is generally believed. The result depends principally on the fact that a high cytoplasmic viscosity leaves the particle more liable to removal by forces generated by the movements of the surrounding fluid.
(b) The more rapid the rotation of the cell, i.e., the more irregular the motion of the fluid surrounding it (for when there is irregular motion the direction of the movement of the surrounding fluid is constantly changing) the less probable will it be that the particle will be ingested. In the same way, ingestion is less likely to occur in a fluid in which the cells are moving with great velocities relative to their surroundings, as in a violently agitated tube. In this statement it is of course to be remembered that the likelihood of ingestion occurring is to be considered as less only after due allowance has been made for any greater number of collisions which may occur between cell and particle when the movement of the fluid is rapid or irregular.
In conclusion it must be admitted that the results of this investigation are singularly unsatisfactory, for they are only of the nature of approximations, they are incapable of experimental verification except in a very general way, and their importance is quite out of proportion t o the difficulty of obtaining them. The justification for calling attention to them lies merely in the fact that they, or results like them, must ultimately find a place in the complete physical theory of phagocytosis which will some day be developed, together with the fact that they serve to throw some light on the nature of the process of ingestion as it must occur in experiment.
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